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Abstract 



We introduce moduli spaces of stable perverse coherent systems on 
small crepant resolutions of Calabi-Yau 3-folds and consider their Donaldson- 
, Thomas type counting invariants. The stability depends on the choice of 

a component (= a chamber) in the complement of finitely many lines (= 
walls) in the plane. We determine all walls and compute generating fulle- 
rs . tions of the invariants for all choices of chambers when the Calabi-Yau is 

the resolved conifold. For suitable choices of chambers, our invariants are 
specialized to Donaldson- Thomas, Pandharipande- Thomas and Szendroi 
invariants. 



Introduction 

^\ , In this paper we study variants of Donaldson- Thomas (DT in short) invariants 

ON ' [ThoOOj for the crepant resolution / : Y X = {xy — zw — 0} of the conifold 

where Y is the total space of the vector bundle Ofi (— l)©Opi (—1). The ordinary 
0^ ■ DT invariants are defined by the virtually counting of moduli spaces of ideal 

sheaves of curves. A variant has been introduced by Pandharipande-Thomas 
(PT in short) recently (PT09j . PT invariants are defined by the virtual counting 
of moduli spaces of stable coherent systems, i.e., pairs of 1-dimensional sheaves 
F and homomorphisms s : Oy — > F. Both DT and PT invariants are defined for 
arbitrary Calabi-Yau 3-folds. For the resolved conifold Y, yet another variant 
was introduced by Szendroi |Sze08j (see also |Youj ). His invariants are defined 
by the virtual counting of moduli spaces of representations of a certain noncom- 
mutative algebra. This noncommutative algebra has its origin in the celebrated 
works of Bridgeland |Bri02j and Van den Bergh |VdB04| . In particular, we can 
interpret the invariants as virtual counting of moduli spaces of perverse ideal 
sheaves, originally introduced in order to describe the flop /+ : Y + — > X of Y 
as a moduli space. Those three classes of invariants have been computed for the 
resolved conifold and their generating functions are given by infinite products. 

In this paper we introduce more variants by using moduli spaces of stable 
perverse coherent systems, i.e., pairs of 1-dimcnsional perverse coherent sheaves 
F and homomorphisms s : Oy — > F. The stability condition is determined by a 
choice of parameter £ = (Co> Ci) i n the complement of finitely many lines in R 2 . 
(The number of lines increases when the Hilbert polynomial of F becomes large.) 
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The invariants depend only on the chamber containing £. When we choose the 
chamber appropriately, our new invariants recover DT, PT invariants for Y and 
the flop Y + , as well as Szendroi's invariants. See Figured] Our main results 
are 

(a) the determination of all walls, and 

(b) the computation of invariants for any choice of a chamber. 

The generating function of invariants is given by an infinite product, dropping 
certain factors from the generating function of Szendroi's invariants. The sta- 
bility parameter determines which factors we should drop in a very simple way 
(see Theorems 13.121 I3.15[) . Finally in the chamber Co,Ci > the generating 
function is simply 1. 



PT for Y 




Figure 1: chamber structure 

Besides Szendroi's work |Sze08j our definition is motivated also by the second 
named author's work with Kota Yoshioka NYal lNYb] . where very similar moduli 
spaces and chamber structures have been studied for the case when Y — > X is 
the blow-up of a nonsingular complex surface. A similarity is natural as Y is 
locally the total space of O r i (-1), instead of O p i (-1) O r i (-1). In |NYbj the 
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virtual Betti numbers of moduli spaces are computed. When the rank of sheaves 
is 1, the generating function is again an infinite product, dropping factors from 
the generating function of Betti numbers of Hilbert schemes of points on the 
blow-up Y, given by the famous Gottsche formula f |Got90| 1. 

We compute invariants by proving the wall-crossing formula which describes 
how the generating function of invariants changes when the stability parameter 
crosses a wall except for the wall {(Co,Ci) I Co + Ci = 0} (Theorem 13.121) . 
In the companion paper |Nag| the first named author will generalize the main 
result to more general small crepant resolutions of toric Calabi-Yau 3-folds. The 
wall-crossing formula is an example of Joyce's wall-crossing formulas ( |Joy08| ), 
and ones in more recent work by Kontsevich and Soibelman ( |KSj ) (see |Nag[ 
§4]). Note that there is no substantial difference between virtual counting and 
actual Euler numbers in our setting (Theorem l4.23[) , so our computation can be 
examples of both works. In this paper we give an alternative elementary proof 
independent of |Joy08[lKS] . The wall {(Co, Ci) I Co + G = 0}, which we do not 
deal with, corresponds to the DT-PT conjecture f |PT09) l . See Remark T3. 161 for 
this wall. 

The paper is organized as follows: In §1 we introduce perverse coherent sys- 
tems and their stability. In §2 we show that our moduli spaces parameterize 
ideal sheaves or stable coherent systems in suitable choices of the stability pa- 
rameters. This will be used to establish that our invariants are specialized to 
DT and PT invariants. In §3 we prove our main results. 

After we posted a previous version of this paper to the arXiv, two physics 
papers |JM] and |CJ09j appeared on the arXiv. In |JM| . Jafferis and Moore 
provide a wall-crossing formula, which looks quite similar to ours. In |CJ09j . 
Chuang and Jafferis associate a new quiver (A^ in £|4.3[) to each chamber and 
conjecture that the moduli spaces are isomorphic to the corresponding moduli 
spaces of ^-stable perverse coherent systems. The quiver A~ is obtained from 
our quiver (A in FigureH]) by successive mutations in the sense of [DWZ08] . We 
devote §4 to a proof of their conjecture and to a proof of Theorem l4.23l 
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1 Perverse coherent systems 



1.1 Category of perverse coherent systems 

Let / : Y — > X be a projective morphism between quasi-projective varieties 
over C such that the fibers of / have dimensions less than 2 and such that 
Rf*O v = O x . 

A perverse coherent sheaf f |Bri02| . [VdB04] t is an object E of D b '(Coh(y)) 
satisfying 

• H*(E) = unless i = 0, -1, 

• R 1 f*(H°(E)) = and R° f m (H- l {E)) = 0, 

• Hoxn(H°(E), C) = for any sheaf C on Y satisfying R/*(C) = 0. 

Let Per(Y/X) C D b (Coh(Y)) be the full subcategory consisting of all perverse 
coherent sheaves. This is the core of a t-structure of D b (Coh(Y)). In particular, 
Per(Y/X) is an abelian category. 

Remark 1.1. The abelian category Pei(Y/ X) we define here is Per(Y/ X) in 
the notations of Hril)^ and \ VdB 04 /. We will also use °Per(Y + /X) to study 
the flop Y+ -> X later ' MM. 

Definition 1.2. A perverse coherent system on Y is a pair (F, W, s) of a per- 
verse coherent sheaf F , a vector space W and a homomorphism s : W ®c @y 
F. We call W the framing of a perverse coherent system. 

A morphism between perverse coherent systems (F, W, s) and (F',W',s') is 
a pair of morphisms F — s> F' and W — > W which are compatible with s and s' . 

We sometimes denote a perverse coherent system (F, W, s) with W = C by 
(F, s), and a perverse coherent system (F, W, s) with W — by F for brevity. 

Let Per(Y/X) denote the category of perverse coherent systems on Y. It is 
an abelian category. 

1.2 NCCR with framing 

When X = Spec(i?) is affine, V G Per(K/X) is called a projective generator 
if it is a projective object in Per(Y/X) and Homp er (y/x) (F, E) — implies 
E = for E e Per(Y/X). For a general X, V £ Per(y/X) is called a local 
projective generator if there exists an open covering X = [J Ui such that r P\u i 
is a projective generator of Per(f~ 1 (Ui)/Ui) for all i. 

A local projective generator V exists and can be taken as a vector bundle 
(see |VdB041 Proposition 3.3.2]). When X = Spec(i?) is affine, V is constructed 
as follows: Let C be an ample line bundle on Y generated by its global sections. 
Let T-'o be a vector bundle given by an extension 

O^O^- 1 ^V a ^ C^O (1.1) 

associated to a set of generators of H 1 {Y 1 C" 1 ) as an i?-module. Then V := 
Vo © Oy is a projective generator [VdB04, Proposition 3.2.5]. The general case 
can be reduced to the affine case. We consider only a local projective generator 
of a form V = Vo © Oy hereafter. 
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Theorem 1.3 ( [VdB04l Corollary 3.2.8 and Theorem A]). We denote the Ox- 
algebra f*£ndy(V) by A. Then the junctors Rf*RHom Y (V , -) and -®\(V) 
give equivalences between D '(Coh(Y)) and D b (Coh(A)), which are inverse to 
each other. Here Coh(„4) denotes the category of coherent right A-modules. 

Moreover, these equivalences restrict to equivalences between Per(Y/X) and 
Coh(A). 

Definition 1.4. Let Coh c (.A) (resp. D*(Coh(^4))) denote the full subcategory 
o/Coh(.4) (resp. D b (Coh(.4))) consisting of objects E which (resp. whose coho- 
mology groups) have 0- dimensional supports. Let Per c (Y/X) and D^(Coh(Y)) 
be the corresponding categories under the equivalences in Corollary \1.3\ Let 
Per c (Y/ X) denote the category of perverse coherent systems (F, W, s) such that 
F G Per C (Y/X) and such that W is finite dimensional. 

Giving an object V G Coh(„4) (resp. G Coh c (A)) is equivalent to giving the 
following data: 

• a coherent (resp. finite length) Ox-module Vq, 

• an A' := f^Sndy (7 ? o)-module V\ which is coherent (resp. finite length) as 
an Ox-bimodule, 

• a homomorphism /»%omy(Oy , Vq) — > Homx(Vo, V\) of (Ox, -4') _Dml0 dules, 

• a homomorphisms f^T-Lomy(Vo, Oy) — > 7iomx(Vi, Vq) of (A', Ox)-bimodules. 

Definition 1.5. A framed A-module is a pair (V,V 00 ,i') of an A-module V , a 
vector space Voo and a linear map i: Voo — > H°(X, Vq). 

A morphism between framed A-modules (V, Voo, <■) cind (V , V^, I 1 ) is a pair 
of an A-module homomorphism V — > V and a linear map Voo ~> V^ which are 
compatible with i and i! . 

We denote, with a slight abuse of notations, by Coh(„4) the abelian category 
of framed ,4-modules and by Coh c (.4) the subcategory of framed „4- modules 
(V, Voo, t) such that V G Coh c („4) and such that Voo is finite dimensional. 

Proposition 1.6. The category Per(Y/X) (resp. Pei c (Y/X)) is equivalent to 
the category Coh(„4) (resp. Coh c (.4)). 

Proof. First we put W — Voo- Using the adjunction, we have 

Homy (W ® c O Y ,F) = Homy (p* W, F) 
= Rom c (Voo,P*F) 
= Kom c (V oo ,H°(X,V )), 

where p is the projection from Y to a point. The equivalences follow immedi- 
ately. □ 

1.3 Stability 

Let £ = (Co)Ci>Coo) be a triple of real numbers. For a nonzero object F = 
(F, W, s) G Pw c (Y/X) we define 

P = Co dim H°(F) + Ci dim H°(F ®? V ) + Coo dim W 
^ ' ' dim H (F) + dim H°(F(g>P^) + dim W 
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Definition 1.7. A perverse coherent system F 6 Per c (y/JT) is 9^- (semi) stable 
if we have 

6- c (F')(<)9- c (F) 

for any nonzero proper subobject ^ F' C F in Per c (Y/X). 

Here we adapt the convention for the short-hand notation. The above means 
two assertions: semistable if we have '<', and stable if we have '<'. 

Remark 1.8. (1) As we shall see later, the space of the parameters £ has a 
chamber structure defined by integral hyperplanes so that the (semi) stability 
is unchanged if we stay in a chamber (see §373$. 

(2) Given a real number c let £' be the triple of real numbers ((o + c, (i + 
c, Coo + c) . Then we have 

9 ( ,(F) = 9^F) + c. 

Hence 9 (semi) stability and 9^- (semi) stability are equivalent. In partic- 
ular, given a 9^- (semi) stable perverse coherent system F E Per c (Y*/X) we 
can normalize Q so that 9^(F) = 0. 

(3) This stability condition depends on the choice of as well as the choice 
ofVo- 

(4) Given a pair of real numbers ( = (CoiCi)i we define the 9^- (semi) stability 
for a perverse coherent sheaf by the same conditions. In other words, 
a perverse coherent system F G Per c (Y/X) is 9^- (semi) stability if and 
only if the perverse coherent system {F, 0,0) with trivial framing is 9^- 
(semi) stability for some (equivalently any) (qq. 

Theorem 1.9 ( [Rud97] ) . Let a stability parameter (el 3 be fixed. 

(1) A perverse coherent system F G Per c (Y"/X) has a unique Harder- Narasimhan 
filtration: 

F = F° D F 1 D ■■■ D F L D F L+1 = 
such that F l / F l+1 is 9^-semistable for I = 0, 1, . . . ,L and 

9 i (F°/F 1 ) < 9^{F 1 /F 2 ) <■■■< 9 i (F L /F L+1 ). 

(2) A 9^-semistable perverse coherent system F G Pct c (Y/X) has a Jordan- 
Holder filtration: 

F = F° D F 1 D ■■■ D F L D F L+1 = 
such that F l / F l+1 is 9^-stable for I = 0, 1, . . . ,L and 

9AF°/F 1 ) = 9AF 1 /F 2 ) = ■■■ = 9AF L /F L+1 ). 



6 



1.4 Moduli spaces of perverse coherent systems 

In this subsection, we assume that £o, Ci an d Coo are rational numbers. 

Theorem 1.10. There is a coarse moduli scheme parameterizing S-equivalence 
classes of 9 ^-semistable objects in Pei c (Y/X). 

The theorem is deduced from a more general construction (Theorem 1 1.1 II) . 
which was explained to the second named author by Kota Yoshioka . We only 
give a sketch of the proof, as we are mainly interested in the case when X is 
affine, and hence we can alternatively use the construction in |Kin94| (see i J3.2p , 
and Yoshioka wrote a paper containing the proof f |Yosi Proposition 1.6.1]). 

For a while, we assume that X is projective. Take an ample line bundle 
O x {l) over X. We define the P-twisted Hilbert polynomial of F G Pex(Y/X) 
by (cf. |Yos03l §4]) 

X (P,F(n)) = X (R/*(^ V ® F)(n)). 

From Theorem 11.31 this is nothing but the usual Hilbert polynomial for the 
corresponding sheaf M/* (V v ® F) . We expand this as 

X (P,F(n))=J2*?(F) 

i 

We say F is d- dimensional, if a%(F) > and af(F) = 0, i > d. Then an 
d-dimcnsional object F S Per(Y/X) is V -twisted (semi)stable if 

x(V,F'(n))(<)^^lxCP,F(n)) for n » 
a d( F ) 

holds for any proper subobject ^ F' C F in Per(Y/X). From the inequality, 
F cannot contain a nonzero subobject F' with a^(F') = 0. This condition is 
referred as l F is of pure dimension c?' in the usual stability for coherent sheaves. 
Under that condition the above is equivalent to 

x(P,F'(n))/a^(F')(<) X (V,F(n))/a^(F). 

We can construct the moduli space of "P-twisted semistable sheaves by mod- 
ifying the construction of the moduli space of usual stable sheaves by Simp- 
son |Sim94j (see |HL97| ) as follows: By Theorem 11.31 we may construct it 
as a moduli space of semistable ^-modules F = IR/*('P V (?) F), where the 
stability condition is defined as usual. Now A is an example of a sheaf of 
rings of differential operators on X in the sense of [Sim94] §2], hence the 
moduli space can be constructed. (See also [Yos 03,.) For a later purpose, 
we review the argument briefly. The moduli space is a GIT quotient of the 
scheme Q parameterizing all quotients [V ®c A(—m) -» ~F\ of ,4-modules by 
SL(V) for the vector space V = Hornet (A, F(m)) for a fixed sufficiently large 
m. The scheme Q is a closed subscheme of the usual quot-scheme param- 
eterizing quotients in Coh(X). The polarization of Q comes from the embed- 
ding into the Grassmann variety of quotients [H°(V <E>c A(l — m)) H°(F(l))\ 
for sufficiently large /. In Pei(Y/X), the Grassmann variety parameterizes 
quotients [V ® c H°{P V <g> V(l - m)) H°(P V ® F(l))] under the equivalence 
F = Rf*(V v ®F). 



7 



We next generalize the stability condition slightly. Suppose V, V are local 
projective generators. We say F £ Pei(Y/X) is (V ,V') -twisted (semi) stable, if 



X (V,F'(n))(<) 



X (V\F'(m)) 
x(P',F(m)) 



x(V,F(n)) 



for to ^> n ^> 



holds for any proper subobject / F' C F in Per(Y/Jf). If P = T 3 ', {V,V')- 
twisted (semi)stability is equivalent to the above "P-twisted stability. The moduli 
space of (V, 7-")-twisted semistable sheaves can be constructed as above. In fact, 
the scheme Q for which we take a GIT quotient is the same as above, but we use 
the different polarization from the embedding into the Grassmann variety using 
V instead of V, i.e., quotients [V ®c H°(T' V <g) P(l - to)) -» if°(P' v <g> F(Z))] 
for sufficiently large I. This modification is very similar to (in fact, simpler than) 
the stability condition considered in NYb, Sect. 2]. 

We can also construct moduli spaces of perverse coherent systems. Let a be 
a polynomial of rational coefficients such that a(n) > for n ;§> 0. A perverse 
coherent system (F,W,s) with a finite dimensional framing W is (V,V,a)- 
(semi) stable if 



holds for any proper subobject ^ (F',W',s') C (F,W,s) in Per(Y/X). If 
the homomorphism s : W — > Homy (Oy, F) has nontrivial kernel, (F 1 , W, s') — 
(0, ker s, 0) violates the inequality. Therefore W can be considered as a subspace 
of Homy (Oy , F). We can further consider W as a subspace of Hom^(^4, F(to))<8> 
Hom^(A, A{m)Y for sufficiently large m thanks to the projection V — > Oy. 
Now we can construct the moduli space of (V, V, a)-semistable perverse co- 
herent systems as a GIT quotient of a closed subscheme of the product of the 
quot-scheme and the Grassmann variety as in [He98, LP93]. In summary, we 
have the following theorem: 

Theorem 1.11. Under the assumption that X is projective, there is a coarse 
moduli scheme parameterizing S-equivalence classes of (V, V', a) -semistable per- 
verse coherent systems with a finite dimensional framing. 

Now, we will explain how Theorem II .101 is deduced from Theorem II .111 
First, we replace X by a projective scheme X containing X as an open 
subscheme and construct a moduli space for X. Then the moduli space for X 
is an open subscheme of the moduli space for X (here we use the assumption 
that the objects are in Per c (Y/ X), not just in Per(Y/ X)). Therefore we may 
assume X is projective from the beginning. 

Note that for an object F £ Per c (y/X), the Hilbert polynomials are con- 
stant. We may assume that Co, Ci an d Coo are integers and normalized so that 
0?(F) — as we mentioned in Remark 11.81 (2). Taking sufficiently large eel 



so that Co + c, Ci + O 0, we put V = 0® (c+Co) © V^ c+ ^\ V' = Oy ® V and 



dim W' -a(n) +xCP,F'(n))(<) 



X (V',F{m)) 



(dim W ■ a(n) + x(P, F(n))) 



for to > n > (1.2) 
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& = Coo- Then the inequality (|1.2I) turns out to be 

Co dim if °(F') + Ci dim H°(F' ® F V ) + Coo dim VF' 
dim H°(F') + dim H°(F> ® 7> V ) 

Co dim ii (F) + Ci dimif°(F P V ) + Coo dimW 
[ ~' dim if (F) + dim H°(F®V$) 

where c cancels out in both hand sides. This is equivalent to the inequality in 
Definition 11.71 Therefore we can apply the above construction of the moduli 
space provided Coo = -Codimff°(F) - Cidimff°(F ® Vq) > 0. Fortunately 
this condition is not restrictive, as there is no 6^-stable object (with W ^ 0) 
except F = if Coo < 0. 

2 Coherent systems as perverse coherent sys- 
tems 

2.1 Chambers corresponding to DT and PT 

Fix an ample line bundle C and a vector bundle Vq on Y as in HI. 21 Take C 
as a polarization of Y . For an element E 6 D c {C6h(Y)), let r(E) denote the 
degree one coefficient of the Hilbert polynomial x(E ® £® fe ). 

Definition 2.1. Let (CojCi) ^ e a V^t °f rea l numbers. A perverse coherent 
system (F, s) G Per c (Y/X) with a I -dimensional framing is said to be (CcbCi) - 
(semi)stable if it is 6g- (semi) stable for 

C = (Co, Ci, -Co • dim H°(E) - Ci ' dim H°(E ®V^)). 
(See the normalization in Remark ll.8f 2 ).) 

Lemma 2.2. A perverse coherent system (F, s) G Per c (Y/ X) is (Co, Ci)~ (semi) 'stable 
if the following conditions are satisfied: 

(A) for any nonzero subobject ^ E C F, we have 

Co • dim if°(F) + Ci ■ dim H°(E <g> F V ) (<) 0, 

(B) for any proper subobject E C. F through which s factors, we have 

Co • dim H° (E) +Ci -dim H° (E®V^ ) (<) Co • dim H° (F) +Ci • dim H° (F®F V ) . 

Let r be the positive integer in (jl.lj) . 

Lemma 2.3. For any E g Per c (Y/X), we /iaue 

r • dim H°(Y, E) - dim if (F, E®V%) = r(E). 

Proof. Since the Hilbert polynomial x(E <8> is degree one, we have r(E) = 
x{E) — x(E ® C" 1 ). On the other hand, since E S Per c (F/X) we have 

H°(E) = X (E), H°(E ® 7> V ) = X (E ® 7> V ) = (r - l)x(£) + x(£ ® ^')- 
Hence the claim follows. □ 
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Co + rCi = 



Figure 2: stability parameters 

We set (° = (— r, 1) and = (— r±e, 1) for sufficiently small e > specified 
later. 

Corollary 2.4. ^4 perverse coherent system (F, s) € Per c (y/X) is £°- (semi) stable 
(resp. £ - (semi) stable) if and only if the following conditions are satisfied: 

(A) for any nonzero subobject ^ £ C F, we have 

-r(E)(<)0 (resp. - r(E) ± e ■ x(E) (<) 0), 

(B) for any nonzero subsheaf ^ E C _F through which s factors, we have 

(<) - r(F/£) (resp. (<) - r(F/E) ± e ■ x{F/E)). 

Lemma 2.5. Lef ^ — > F — > G — > be an exact sequence in Coh(y). If F 
is perverse coherent, then so is G. 

Proof. Applying the functor /» to the short exact sequence, we get the exact 
sequence 

R 1 f*F -> M 1 /*G -> R 2 /*£- 

Since F is perverse coherent we have M}f*F — 0. Because dimensions of the 
fibers of /: Y — > X are less than 2, we have M. 2 f*E = 0. Hence we get M. 1 f*G = 
0. □ 

Corollary 2.6. Let O^E^F^G^O be an exact sequence in Coh(F). If 
E and F are perverse coherent, then this is an exact sequence in Per(Y / X) as 
well. 

Lemma 2.7. Let (F,s) be a perverse coherent system such that F is a sheaf. 
Then the sequence 

-> im Coh( y)(s) -> F -> coker Coh(y) (s) 

is exact m Per(Y"/X). 

Proof. By Lemma l2~5l applied to Oy — > imcoh(y)(s), we see that imc h(y)(s) is 
perverse coherent. Then the claim follows from Corollary 12.61 □ 

Lemma 2.8. Let (F, s) be a coherent system such that dimcokerc h(Y)( s ) = 0. 
Then F is perverse coherent. 

Proof. We have the exact sequences 

— > ker(s) — > Oy — > im(s) — > 
— > im(s) -} F — > coker(s) — > 

in Coh(V). Applying Lemma 12.51 for the first exact sequence, we have im(s) 
is perverse coherent. Since coker(s) is 0-dimensional, it is perverse coherent. 
Hence F is perverse coherent by the second exact sequence. □ 
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Lemma 2.9. If a perverse coherent system (F, s) £ Per c (Y/X) is £° -semistable, 
then F is a sheaf. 

Proof. We have the canonical exact sequence 

H~ X {F)[1\ F —> H a (F) -> 

in Per(Y/X). By the condition (A) in Corollary |2~1 . we have r{H- 1 (F)) = 
— r(H~ 1 (F)[l}) < 0. Since H^ 1 (F) is a sheaf, this inequality means that 
H^ 1 (F) is 0-dimensional. The defining condition of perverse coherent sheaves 
requires R°/*(^ _1 (^)) = 0. So we have H^ 1 (F) = 0. □ 

Fixing the numerical class of F £ D h c (Coh(Y)), we take sufficiently small 
e > so that e • x(F) < 1- 

Proposition 2.10. Given a C~ -stable perverse coherent system (F, s) £ Per c (Y"/A), 
then F is a sheaf and s is surjective in Coh(Y"). On the other hand, given a 
coherent sheaf F £ Coh c (Y) and a surjection s: Oy F in Coh(Y), then F is 
perverse coherent and the perverse coherent system (F,s) is (~ -stable. 

Proof. Assume that (F, s) £ Per c (Y/X) is C~-stable. By Lemma [2791 F is a 
sheaf. By Lemma l2.5[ coker Coh (y) (s) is perverse coherent. Assume s is not sur- 
jective in Coh(y). Since cokerc oh (y)(s) is a sheaf, we have r(coker Coh (y)(s)) > 
0. Since cokerc oh (y)(s) is perverse coherent, we have x(coker Coh (y) (s)) > 0. 
Hence we have 

> -r(coker Coh(y) (s)) - e ■ x(coker Coh(y) (a)). 

By Lemma l2~7l this contradicts the condition (B) of (^"-stability of (F, s). So s 
is surjective in Coh(Y"). 

On the other hand, assume that s is surjective in Coh(Y). Let 

O^E^F^G^O 

be an exact sequence in Vex{Y / X). Since H~ 2 (G) = H^ 1 (F) = 0, so we have 
H^ 1 (E) = by the long exact sequence. Thus E is a sheaf, and so we have 
r(E) > 0. Since E is perverse coherent we have x(-E') > 0. So the condition (A) 
holds. Moreover, assume that s factors through E. Then E —> F is surjective 
in Coh(Y) and so G is a sheaf shifted by [1]. Suppose r(G) < — 1. Since F is 
perverse coherent, we have 

e ■ X(G) = e( X (F) - X (E)) < £ ■ x(F) < 1. 

So the condition (B) holds. Suppose r(G) = 0. Then x(G) < and the condition 
(B) holds. □ 

Proposition 2.11. Given a £ + -stable perverse coherent system (F, s) £ Per c (Y"/X), 
then F is a sheaf and (F, s) is a stable pair in the sense of I' I'll!) . that is, the 
following conditions are satisfied: 

(1) F is pure of dimension 1, and 

(2) cokerc oh (y) (s) is 0-dimensional. 
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On the other hand, given a stable pair (F,s), then F is perverse coherent and 
the perverse coherent system (F,s) is £ + -stable. 

Proof. Assume that (F,s) e Per c (Y/X) is C+-stable. Let 

O^F^F^G^O 

be an exact sequence in Coh(F). Suppose that E is O-dimensional. Then E 
is perverse coherent and by Corollary 12.61 E is a subobject of F in Per(Y/X) 
as well. We have r(E) — and x(F) > because E is O-dimensional. This 
contradicts with the inequality 

-r(E) + e ■ x(E) < 

in the condition (A) of ^-stability. So F is pure of dimension 1. By Lemma 
12.71 and the condition (B) of £ + -stability, we have 

< -r(coker Coh(y) (s)) + e ■ x(coker Coh(y) (s)), 

unless coker Coh( -y)(s) = 0. Since imc h(y)(s) is perverse coherent, we have 

£X(coker Coh(Y) (s)) = e(x(F) - x(im Coh(y) (s)) < e • x(F) < 1. 

So r(cokercoh(y)( s )) can n °t be positive, that is, cokerc h(Y) ( s ) is O-dimensional. 
Assume that (F, s) is a stable pair. Let 

O^F^F^G^O 

be an exact sequence in Pei(Y/X). As in the proof of Proposition [2T0l E is a 
sheaf. We have the exact sequences 

-> H~ l (G) -> E -> im C oh(r)(-B^--F) 

-> im Coh(y) (F -> F) -> F -> F°(G) -> 

in Coh(F). Since F is pure of dimension 1, imc h(Y)(E —> F) is 1-dimensional 
unless it is zero. As in the proof of Lemma l2~9l G is 1-dimensional unless G = 0. 
Hence we have r(E) > 1 unless E = 0. Because G is perverse coherent, we have 
X (E) = X {F) - x(G) < x(F). So the condition (A) is satisfied. 

Moreover, assume that s factors through E. Then imcoh(i') [F — > F) D 
i m Coh(y) ( s ) in Coh(Y) and so 

coker Coh(y) (s) -» coker Coh(y) (F -4 F) = H°(G), 

in Coh(F). In particular, H°(G) is O-dimensional. By an argument as in the 
proof of Proposition 12. 91 H^ 1 (G) is 1-dimensional unless H^ 1 (G) = 0. Because 
F is perverse coherent, we have x(G) — x(F) — x{F) < xC^O- Hence we have 

-r(G) + e ■ x(G) = -r(H°(G)) + r{H~ l {G)) + e • X (G) > 0. 

□ 
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2.2 Coherent systems on the flop 

Assume further / is isomorphic in codimension 1. Let / + : Y + —f X he the flop. 
Let °Per(y + /X) be the full subcategory of D b (Coh.(Y + )) consisting of objects 
E satisfying the following conditions: 

• H l {E) = unless i = 0, -1, 

• R 1 f r (H Q (E)) = and R° f^H -1 (E)) = 0, 

• Hom(ff°(£), C) = for any sheaf C on Y satisfying R/»(C) = 0. 

We can associate C and Vo with an ample line bundle C + and a vector bundle 
Qq on Y + such that 

• they are involved in an exact sequence 

o -> (c+y 1 -»• q+ -> o®;- 1 -> o, 

where r coincides with what appeared in the defining sequence of Vq, 

• Qq is a local projective generator of °Per(F + /X), 
. f+Snd(0 Y+ © Q+) = A, 

and hence we have the following equivalences: 

L> b (Coh(F)) ~ D b (Coh(A)) ~ L> b (Coh(r+)) 

u u u 

" 1 Per(y/X) ~ Coh(^) ~ °Per(y+/X), 

(see |VdB041 Theorem 4.4.2]). Here we denote by _1 Per(y/X) what we have 
denoted simply by Pei(Y/X) to emphasize the difference between _1 Per(F/X) 
and °Pei(Y + /X). By the same argument as the previous subsection, we can 
verify the following propositions: 

Proposition 2.12. Given a (—C t + )-stable perverse coherent system (F + ,s + ) £ 
°Per c (Y + /X), then F + is a sheaf and s + is surjective in Coh(Y + ). On the other 
hand, given a coherent sheaf F + 6 Coh c (y + ) and a surjection s + : Oy+ — > F + 
in Coh(y + ), then F + is perverse coherent and the perverse coherent system 
(F+,s+) is (-(+)-stable. 

Proposition 2.13. Given a -stable perverse coherent system (F + ,s + ) £ 

°Pei c (Y + /X), then F + is a sheaf and (F + ,s + ) is a stable pair. On the other 
hand, given a stable pair (F + , s + ) on Y + , then F + is perverse coherent and the 
perverse coherent system (F + ,s + ) is (— C ) _ stable. 

3 Counting invariants on the resolved conifold 

In this section, we study the counting invariants on the resolved conifold. 

Let f:Y — > X be the crepant resolution of the conifold, that is, X = 
{(x, y, z, w) G C 4 | xy — zw = 0} and Y is the total space of the vector bundle 
7r: Ofi(— 1) © Opi(— 1) — > P 1 . This satisfies the assumptions at the beginning 
of gTTJ 
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3.1 Quivers for the resolved conifold 

Let Q be the quiver in Figure |3] and A be the algebra defined by the following 
quiver with the relations: 

A := CQ/(aibia 2 = o^ai, 610*62 = Z»2a»&i)i=i,2. 
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Figure 3: quiver Q 

Remark 3.1. Note that this relation is derived from the superpotential lj — 
01610262 — 01620261 ( |BDj for example. See also [DWZ08 ). 

Let A-Mod (resp. A-mod) denote the category of right A-modules (resp. 
finite dimensional right A- modules). For a finite dimensional A-module V, let 
Vq and V± denote the vector spaces corresponding to the vertices and 1 and 
dimV := (dimVb, dim Vi) S (Z> ) 2 . 

Let us take C := 7r*0pi(l) as an ample line bundle. Since H 1 (Y,£^ 1 ) = 0, 
we have a projective generator V := Oy © C. The endomorphism algebra 
Endy('P) is isomorphic to A and we have the following equivalence: 

Proposition 3.2. (see Theorem II .3|) 

Per(Y/X) ~ A-Mod, Per c (Y/X) ~ A-mod. 

Under these equivalences, we have 

V = H°{Y,F), V l =H°{Y,F®C- 1 ) 

for a perverse coherent sheaf F. 

Moreover, let Q be the quiver in Figure 2] and A be the following quiver with 
the relations: 

A := €(3/(016,02 = 026,01,610^2 = 620*61)4=1,2- 

Let A-Mod (resp. A-mod) denote the category of A-modules (resp. finite 
dimensional A- modules), which is equivalent to the category Coh(A) (resp. 
Coh c (A)) defined in AO 

For an A-module V, let Vq, Vi and Voo denote the vector spaces correspond- 
ing to the vertices 0, 1 and 00 and dim V :— (dim Vq , dim Vi, dim V») G (Z>o) 3 . 

Proposition 3.3. (see Proposition II. 6[) 

Per(Y/X) ~ A-Mod, Vei c {Y/X) ~ A-mod. 
Under these equivalences, we have Vx, = tV- 
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Figure 4: quiver Q 



3.2 Definition of the counting invariants 

For (eM 2 and v = (v , Vi) e (Z> ) 2 , let 2tt c (v) (resp. 371,? (v)) denote the mod- 
uli space of C-semistable (resp. ^-stable) A-modules V with dim V = (v , vi, 1). 
They can be constructed by applying the result of |Kin94j . We define the gen- 
erating function 

Z[(q):^ X (l c (v)).q v 

where q v = q^q^ 1 and qo, q\ are formal variables. 

A 4-dimensional torus (C*) 4 acts on the moduli space 37tf(v) by rescaling 
the maps associated to the four arrows of the quiver Q. Since the subtorus 

C* ~ {[(a, a, aT 1 , a -1 )] e T) 

acts trivially, we have the action of the 3-dimensional torus T := (C*) 4 /C*. We 
will show that 

• the set of T-fixed closed points 37t<;(v) T is isolated (Proposition 14. 14]) . 
Hence we have 

^(q) = £|!H f (v) T |-q\ 

We also define more sophisticated invariants. Let v: £0tf(v) — > Z be the 
constructible function defined in [Beh09 (Behrend function). We define the 
counting invariants 

and encode them into the generating function 

Z c (q):= J2 ^C(v)-q v - 

ve(z> ) 2 

The Behrend function is defined for any scheme over C. In [Bch09 , Behrend 
showed that if an proper scheme has a symmetric obstruction theory then the 
virtual counting, which is defined by integrating the constant function 1 over 
the virtual fundamental cycle, coincides with the weighted Euler characteristic 
weighted by the Behrend function as above. Based on this result, he proposed to 
define the virtual counting for a non-proper variety with a symmetric obstruction 
theory as the weighted Euler characteristic. 
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A stability parameter ( £ R 2 is said to be generic if C-semistability and 
C-stability are equivalent. Since the denning relation of A is derived from the 
derivations of the superpotential, the moduli space 9Jt^(v) for a generic C has 
a symmetric obstruction theory f |Sze08l Theorem 1.3.1]). We define the 2- 
dimensional subtorus 

T' := {[{ ai ,a 2 ,0i,p2)} £ T | a ia2 !iih = 1} 

of T. The symmetric obstruction theory above lifts to a T'-equivariant sym- 
metric obstruction theory. We will show the following propositions in Sg] (see 
Szc08, Proposition 2.5.1 and Corollary 2.5.3]): 

• 2K c (v) T ' =97t c (v) T (Proposition OU). 

• For each T'-fixed closed point P g 93t<;(v) T , the Zariski tangent space to 
9Jt(j(v) at P has no T'-invariant subspace (Proposition I4.20|) . 

• For each T'-fixed point P € 9JT(;(v) T , the parity of the dimension of the 
Zariski tangent space to 9Jt<; (v) at P is same as the parity of vi (Corollary 

EM- 

According to these propositions and Behrend-Fantechi's result |BF08i Theo- 
rems. 4], we have the following formula (see [Sze08[ Theorem 2.7.1]): 

Z c (q) = ^(-1) V1 | OT c (v) T | • q v (Theorem H33). (3.1) 
In particular, we have 

Z' c (q) = Z c (q a ,~qi). 
3.3 Classification of walls 

In this subsection, we will classify non-generic parameters. The argument is a 
straightforward modification of one in [NYal §2]. 

Lemma 3.4. Let W be a non-zero 9^-stable A-module for some ( e R 2 . Then 
at least one of the following holds: 

(1) dim Wo = dimWi = 1, (2) a x = a 2 = 0, (3) h = b 2 = 0. 

Proof. (See [NYal Lemma 2.9].) Without loss of generality, we can assume 
Co dim Wo + Ci dim Wi = by Remark [LSI If Wo or Wi = 0, we trivially have 
(2) or (3). Therefore we may assume Wo, W\ ^ 0. 

We set So = ker(aibi), To = im(ai&i), Si = ker(&i<2i) and T\ = im(6iai). 
By the defining relation of Q we can check (So, Si) and (To, T\) are A-submodulcs 
of W. The ^-stability of W implies 

Co dim 5*o + Ci dim Si < 0, Co dim Tq + Ci dim T x < 0. 

Since 

Co dim W + Ci dim Wi = 0, dim S t + dim T = dim W u 
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the above inequalities should be equalities. Again, the stability of W implies 
So = Si = or (So, Si) — (Wo,Wi). In the previous case, ai and bi are 
isomorphisms and dim Wo = dim Wi . 

Taking arbitrary pairs aj, bj (i,j — 1, 2), we may assume either (a) ai, &i are 
isomorphisms and dim Wo = dimWi, or (b) atbj = 0, b^ai — for any i and j. 
First we consider the case (b). Without loss of generality we also assume Co > 0. 
Apply the stability conditions for an A-submodule (kerai nkera2,0), we get 
kcrainkera2 = 0. The equations aibj = mean im&i, im&2 C kerainkera2 = 0, 
that is 61=62 = 0. Similarly, for the case Co < we have ai = a-i = 0. 

Next consider the case (a), and hence Co + Ci = 0. We first assume Co < 0. 
From the defining equation of Q, four linear maps &iai, 6201, 6102, 62^2 are 
pairwisc commuting. We take a simultaneous eigenvector 7^ wq G Wo and set 

S'q := Cwq, S[ := CaiWo + Ca2U>o- 

Then (S' , S[) is an A-submodule of W, and hence 

Co dim S'q + Ci dim S[ < 

by the 0^-semistability of W. Therefore we have dimS^ < dim S'q = 1. On the 
other hand, aiwo / as ai is an isomorphism by the assumption. Therefore 
we have dimS( = 1, so the equality holds in the above inequality, so we have 
(S'o, S'i) = (Wo, Wi) by the 6» c -stability of W. In particular, dim Wo = dim Wi = 
1. Exchanging and 1, we have the same assertion when Ci < 0. 

Finally suppose Co = Ci = 0. We define S' , S[ as above. Since the equal- 
ity Co dim S'q + CidimSJ = holds, the 6» c -stability of W implies (S ,SQ = 
(Wo,Wi). In particular, dim Wo = 1. Exchanging and 1, we also get 
dimWi = l. □ 

In the case (1) with Co < (resp. Co > 0), the C-stable ^4-modules are 
parameterized by Y (resp. Y + ). This is well-known, and can be checked easily 
(cf. [NYa, §2.3])! 

In the cases (2) or (3), the representation can be considered as a represen- 
tation of the Kronecker quiver. Then by the argument in [NYa, Lemma 2.12], 
we have (W ,Wx) = (C m ,C m+1 ) or (W , Wi) = (C^C™" 1 ) for some m > 
or m > 1 in the latter case. Moreover, the C-stable A-module is unique up to 
isomorphism. In the case (2), we denote the C-stable A-module by C±(m) if 
(W , Wi) = (C m , C mTl ). Similarly, we denote the module by C^(m) in the case 
(3). We can visualize these modules as in Figure [SJ Each dot corresponds to a 
basis vector of Wo and Wi, and right- up (resp. right-down, left-up, left-down) 
arrows are ai (resp. 02, 61, 62)- 

Now, we can check the following classification: 

Theorem 3.5. Let C be a stability parameter. 

(1) If Co < Ci> then 9^-stable A-modules W are classified as follows: 

- C+ (m) (m>l), 

- the (^-stable A-modules W with dim W = (1, 1) parameterized by Y , 

- CZ(m) (m > 0). 

(2) If Co > Ci; then 9^-stable A-modules W are classified as follows: 
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£7+(m) CZ(m) C+(m) C±(m) 



Figure 5: stable A- modules 

- C|(m) (m>l), 

- the ^-stable A-modules W with dim = (1, 1) parameterized by Y + , 

- CZ{m) (m>0). 

Let V be an A-module which is £-semistable but not ^-stable. Let 

V = V° D V 1 D ■ ■ ■ D V L+1 = 

be a Jordan-Holder filtration of the 6^-semistable A-module V. Here L > 1 

because V is not ^-stable. Since dimV^ = 1, at most one of (V /V +i ) oa is 

non-zero. In particular, there exists a non-zero ^-stable A-module W such that 

Woo = and such that £ • dim W = 0. In other words, there exists a non-zero 
#£-stable A-module W such that C ■ dim W = 0. We define the following walls 
(half lines) on the set of stability parameters: 



L7 (m) 


:={(Co,Ci) 


Co 


<Ci, 


m( + 


(m - l)Ci 


= 0} 


(m 


> 


1). 


L~(oo) 


:={(Co,Ci) 


Co 


<Ci, 


Co + Ci 


= 0}, 










L~(m) 


:={(Co,Ci) 


Co 


<Ci, 


™Co + 


(m + l)Ci 


= 0} 


(m 


> 


0), 


Li(m) 


:={(Co,Ci) 


Co 


>Ci, 


™Co + 


(m - l)Ci 


= 0} 


(m 


> 


1). 


L+(oo) 


:={(Co,Ci) 


Co 


>Ci, 


Co + Ci 


= 0}, 










I/^(m) 


:={(Co,Ci) 


Co 


>Ci, 


m(o + 


(m + l)Ci 


-0} 


(m 


> 


0). 



By Theorem 13.51 the set of non-generic stability parameters is the union of the 
origin (0,0) and the walls above. 

Remark 3.6. Recall that the derived category of finite dimensional represen- 
tations of Kronecker quiver is equivalent to the derived category of coherent 
sheaves on P 1 . 

Under the equivalence D b (A-Mod) ~ D b (Coh(Y)) , CZ(m) and CZ{m) cor- 
respond z*Opi(m — 1) and z„Oy\(—m — 1)[1], where z : P 1 — > Y is the zero 
section. 

Under the equivalence D b (yl-Mod) ~ D b (Coh(Y+)), C*+(m) and C±(m) 
correspond z+Opi(—m — 1)[1] and z+0 P i(m — 1), where z + : P 1 — > Y + is the 
zero section. 

Moreover the stable objects on the wall L~(oo) correspond to skyscraper 
sheaves on Y, ones on the wall L + (oo) correspond to skyscraper sheaves on 
Y+. 
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3.4 Wall-crossing formula 

Let L be one of the walls L7(m), LZ(m), L\{m) or L_(m). Take a parameter 
C° = (Co, Ci) on L an d set — (Co ± £,Ci =t e ) f° r sufficiently small < 
e <C 1 such that they are in chambers adjacent to the wall L. Note that, by 
the classification in WS.'Sl we have the unique £°-stable v4-module C such that 
£ • dim C = 0. We fix these notations throughout this subsection. 

Lemma 3.7. Ext^ (C,C) = 0. 

Proof. By Remark 13.61 it is enough to check Exty (z*L, z*L) = for any line 
bundle L on P 1 , where z: P 1 -> £>(-l) © C(-l) = F is the zero section. By 
the adjunction we have 

Exty (z*L, z*L) = Extpi (Lz*z*L, L). 

Since we have the Koszul resolution 

-> A 2 ((7T*C(-1) ©7T*0(-1))*) ®7T*L 
-> AM(7T*0(-1) ©7T*C(-l)n ® 

-> A ((7r*O(-l) ©7T*C(-1))*) ® tt*L -> z*L -> 

of z*L, the object Lz*z, t L is quasi-isomorphic to the complex 

-> L(2) ->■ L(l) © L(l) ->L->0. 

We can compute Extpi (Lz*z*L, L) by the spectral sequence of the double com- 
plex. The only non-zero in the E\ -terms are Hom.pi (L, L) ~ C and Extpi (L(2), L) ~ 
C. Thus the spectral sequence degenerates and we have Homy (z*L, z*L) = 
Exty(z»L, z*L) = C and Exty (z*L, z*L) = Exty(z*L, z*L) =0. □ 

Proposition 3.8. (1) Let V 1 be a ( + -stable A-module. Then we have an 
exact sequence 

o -> v -> v' ->• c®' 8 -> o, 

where V is a £° -stable A-module. The integer k and the isomorphism class 
of V are determined uniquely. Moreover, the composition of the maps 

C k -A Hom^C, C® k ) ^% Ext^C, V) 

is infective, where we regard V' as an element in Ext^(C® fe , V"). 

(2) Let V" be a £~ -stable A-module. Then we have an exact sequence 

-> C® fe -)• f" V" -> 0, 

where V is a £° -stable A-module. The integer I and the isomorphism class 
of V are determined uniquely. Moreover, the composition of the maps 

C< Rom A (C® k , C) ^ Ext^(y, C) 
is infective, where we regard V" as an element in Ext^(V", C® k ). 
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Proof. We set 

Coo = -Co • dim Vq - Ci ' dim V[. 
Note that V' is 6^-semistable and 0^(V') = 0. Let 

V' = V° d • • • D V L D V L+1 = 

be a Jordan-Holder filtration of V' with respect to the 6^-stability. As we have 
mentioned before, there is an integer < I < L such that dim(y'/V /+1 )oo = 1 
and dim(V r/ '/i >/ ' +1 )oo = for any V ± I. Then for V ^ I we have 

C + ■ dim(V 1 ' /V l ' +1 ) + Ci + • dim(V l '/V l ' +1 ) 1 
= e ■ (dim{V 1 ' /V l ' +1 ) Q + dim(f > 0. 

From the C + -stability of V', we have I = L. 

Due to the classification in £13 . 31 and Lemma 13.71 V' /Vl is isomorphic to 
the direct sum C® k for some k. The uniqueness follows from the uniqueness of 
factors of a Jordan-Holder filtration. 

The composition of the maps is injective, since otherwise V has C as a 
direct summand and can not be C + -stable. 

We can verify the claim of (2) similarly. □ 

Let Gr(fc, V) be the Grassmannian variety of fc-dimensional vector subspaces 
of a vector space V. 

Proposition 3.9. (f) Let V be a (^"-stable A-module. For an element 

x e Gr(fc,dimExt^(C,y)), 
let V denote the framed A-module given by the universal extension 

-4 V -4 V' -> C ek -> 
corresponding to x. Then V' is C + -stable. 
(2) Let V be a C° -stable A-module. For an element 

y e Gr(Z,dimExt^(F,C)), 
let V" denote the A-module given by the universal extension 

-> C efe V' -> V -+ 
corresponding to y. Then V" is ("-stable. 
Proof. We set Coo and Ci so that 

C ■ dim (V) = C ■ dim (V 1 ) = C + ■dim(y') = 0. 

Let S be a nonzero proper subobject of V in A-Mod. We should check C + ■ 
dim (S) < 0. _ 

Suppose S CiV = 0, then S is mapped into C® k injectively. Since V does 
not have C as its direct summand, S is not isomorphic to a direct sum of C. So 
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we have C° • dim (S) < because of the £°-stability of C. Since e is sufficiently 
small we have ( + ■ dim (S) < as well. 

Suppose ^ S n V C V. Since V is C°-stable and C® k is C°-semistable we 
have 

C ■ dim (5 n V") < 0, C • dim (im(5 -> C 0fe )) < 0. 

So we have 

C • dim (5) = C • dim (S n V") + C • dim (im(S -> C 0fe )) < 0. 

Because e is sufficiently small we have £ + • dim (5) < as well. 

Suppose S Pi V = V. Since C® fc is C°-semistable we have ( ■ dim (coker(5 — > 
C® k )) > 0. Because coker(5 -> C® fc ) ^ and coker(5 -> C efc ) 00 = we have 
C+ ■ dim (cokerfff -> C 0fe )) > 0. Hence we get 

C+ • dim (5) = C+ • dim (V") - C+ • dim (cokcr(S -»• C® k )) < 0. 

We can verify the claim of (2) similarly. □ 

Proposition 3.10. For a £° -stable A-module V we have 

ext^(C,V) -ext\{V,C) = dimC . 

Proof. Let Soo be the simple A-module corresponding to the extended vertex 
oo and V be the kernel of the natural map V — > Soo 

First, applying the functor Hom^(C, — ) to the short exact sequence we have 
the following exact sequence: 

Ext^(C, V) ^Ext^CVt^ Ext^C, S^. 

Clearly Hom^(C, Soo) = 0. We can also see that any extension 

0^S cc ^*^C^() 

of yl-modules is always trivial, that is , Ext^(C, Soo) = 0. Hence we have 

Ext^(C, V) = Ext^C, V) = Ext\(C, V). 

On the other hand, applying the functor Hom^(— , C) to the short exact 
sequence we have the following exact sequence: 

Bom A (V, C) Hom^V, C) 
Ext^Coo, C) ->- Ext^V", C) Ext^V, C). 

Since both V and C are £°-stable and they are not isomorphic, we have 
Hornby, C) = 0. 

Note that giving an extension 
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is equivalent to giving a map C — > Co Hence we have ext^ (5oo, C) = dim Co- 
Given an extension 

O-^C-^V'-^V-i-O 

of A-modulcs, by taking any lift of t: Voc ~ C — > Vo with respect to the surjec- 
tion Vq — > Vo, we get an extension 

0->C-*V' ->V ->0 

of framed A-modules. This means the map 

Ext^(V, C) -> Ext^(V, C) ~ Ext^(V, C) 

is surjective. 
Now we have 

ext^(C,V)-ext^0/,C7) 
= ext^(C, V) - (- hom A (V, C) + dim C + ext^V, C)) 
= dim Co + (ext^(C, V) - ext\(C, V) + ext^(C, V)) 
= dim Co + X a(C,V) -hom A (C,V). 

Since / is relative dimension 1, the Euler form on Coh c (y) vanishes by Hirzebruch- 
Riemann-Roch theorem, and so does the Euler form on A-mod. 

Both V and C are £°-stable and they are not isomorphic, so we have 
Hoin^C, V) — 0. Since the induced map Hom^C, V) — > Hom^C, V) is injec- 
tive, we have Hom^C, V) — Hom^C, V) — 0. 

Finally the claim follows. □ 

We define stratifications on 9Jt| (v) and D)l^± (v) as follows: 

• let 9Jt| (v) jv denote the subset of 9Jl| (v) consisting of A-modules V such 
that dimExt^C, V - ) = N, 

• let 3Jl^+(v')jv ! fc denote the subset of 9Jl^+(v') consisting of A-modules V' 
such that there exists a C°-stable A-module V" G 9Hf(v' — fc • dim (C)W 
and an exact sequence 

-> V" -> V" -> C® fc -> 0. 

• let $H| (v) w denote the subset of 9Jt| (v) consisting of A- modules V such 
that dimExt^V , C) = AT, and 

• let D3l^-(v') N ' k denote the subset of SDt^-(v') consisting of A-modules V' 
such that there exists a C°-stable A-module V E 9Jtf(v' — k ■ dim (C)) N 
and an exact sequence 

-> C efe -> V" -> V" -> 0. 

Lemma 3.11. TTie sit&sete 9Jt c s o(v)jv C 2T c s „(v) and 0Jt c ± (v) Nfk C 9Jt c ±(v) 
/lave natural subscheme structures. 
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Proof. Note that, for a morphism / : E — > F of vector bundles on a scheme X 
and an integer n, the subset {x G X rank(/) = n} has a natural subscheme 
structure given by the minor determinants. 

We denote the subalgebra CQo = ffiieQo^i of A by S. For an 5-module T 
we define an ^4-bimodule Ft by 

F T = A® S T ® s A. 
For i, i' G Qo let T^,-/ denote the 1-dimensional S-module given by 

6j • 1 — 1 • Cj Sj^i', 

and we set 

Note that i^j/ has the following natural basis: 

{p <g> 1 ® q | p G Ae l; q G e^A}. 

For a quiver with superpotential A, the Koszul complex of A is the following 
complex of A-bimodules: 

O^QfiA^ F„«t(.) W .) ^> ^in(6),a«t(6) ^©^i^^O. 
ieQo aeQi beQi ieQo 

Here the maps m, di, ds are given by 
m{p®l®q)=pq (p € Ae i; q € e^A), 

di(p(g> 1 ® g) = (pb ® 1 <8) q) - (p ® 1 <g> 6g) (p G Ae in ( 6 ), g G e out ( 6 )^4), 
d3(p®l<8>g)= 51 pa®l®g -( 51 P®l®ag (p G Aei, q e e^A). 

\a: in(a)— 2 / \a: out(a)— z / 

The map c?2 is defined as follows; Let c be a cycle in the quiver Q. We define 

the map <9 c;a ,&: .Fout(a),in(a) ~^ ^in(6),out(6) by 

d c -a,b(p ® 1 ® g) = 51 ps®l(g>rg. 

' , 6e in(a) Ae out( (, ) , 
s6e in(b)J 4e out(a) , 
arbs— c 

Then = 9 W is defined as the linear combination of 9 c 's. 

Since A is graded 3-dimensional Calabi-Yau algebra, the Koszul complex is 
exact f |Boc08[ Theorem 4.3]). 

We also consider the following Koszul type complex A-bimodules: 

-> Ft A F out(o)iin(a) A F in(6) , out(6) 40FiAl^O, 

iGQo aeQi fceQi ieQo 

where F, i^,^, and m are defined in the same way. This is also exact. The 
exactness at the last three terms is equivalent to the definition of generators 
and relations of the algebra A. The exactness at the first two terms is derived 
from that of the exactness of the Koszul complex of A. 
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Let V = ffii S g Vi be the universal bundle on £EJl^o(v). The Koszul complex 
of A-bimodules induces the following complexes of the vector bundles on 9Jtf (v): 

Hom(C out(a) ,V in(a) ) A Hom(a n (6),V outC6 )) A Hom(C<, Vt)-*). 
ae< 3i beQi ieQo 

If we restrict this complex to some closed point V of 9Jl^(v), then the right and 
left cohomologies give Hom(C, V) and Ext 1 (C, V) respectively. 

Note that for V G 9Jt| Q (v) we have hom(C, V) = 0. This means that 
the morphism d\ between vector bundles are surjective, and hence ker(cii) is 
a vector bundle. The subset 9J1^ (v)n consists of closed points V such that 

rank(c?2(^)) = rank(ker(di)) — TV and so has a natural subscheme structure. 

Let 9Jl^+(v')fe denote the subscheme of 9Jt^+(v') consisting of closed points 
V' such that rank(di(V')) = dim C • v' — k. We have the canonical morphism 
M c+ (v')fc -> 9Jt c s (v) (v = v'-fc-dim C) such that a closed point V - ' G 9Jt c + (v')fc 
is mapped to the closed point V G SJt^o (v) appeared in the exact sequence 

-> y y' -> C®* ->■ 0. 

The subset 9Jt^+ (v') jv.fc coincides the inverse image of 9Jtf (v) at with respect to 
the above morphism and so has a natural subscheme structure. 

Similarly, we can define subschemes 9# c s (v) N , £0t c +(v') fc and 9J? C + (v')^ 
using the exact sequence 

Hom(V in(a) ,C out(a) ) A Hom(V out(h) ,C in(b) ) A Hom(V is C 4 )^0, 
a< sQi fceQi ieQo 

whose cohomologies give Hom(y,C*) and Ext 1 (V,C). □ 
By Proposition 13.81 and Proposition 13.91 the natural map 

9?V( v Vfc -»OT ( .(v) N 
is a Gr(fc, 7V)-fibration. So, we have 

X (OT C+ (v'Kfc) - x(Gr(fc, /V)) • X (a^(v) w ) 

and 

J] X(»t c+ (v')) q v ' = J2 *( m < + ( V 'W) ■ ^ 
v' v',N,k 

= £ X (Gr(fc, TV)) • X (OT s C o (v)*) • q v+fe-dim(C) 

v,AT,fc 

= E (Ex(Gr(fc,/V)) .q fe ^(^) j X (l^(v)„) ■ q v 

= E( 1 + f l— (C) ) x(^c°(v)Ar)-q v . 
v,iV 
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Similarly we have 

E xWc- (v')) ■ q v = E i 1 + (c) ) W N ) ■ q v - 

v' v,JV 

By Proposition I3~TU1 we have m\ {w) N = M s ^(v) N+dimC ° . Hence we have 

/ \ N 

E x(av ( v ')) • q v = E ( x + (c) ) *( w c° M") • q v 

v' v.N 

= E (l + q^ (C) ) (v) MmCQ ) • q v 

= E(! + q— ( C) ) X(^(v)iv)-q v 
= (l + q^( c )) dlmC ° • Ex(97V(v')) • q V '- 

v' 

In summary, we have the following wall-crossing formula: 
Theorem 3.12. 

2$_(q)= (l + q^^) -%(q). 

3.5 DT, PT and NCDT 

Let I n (Y,d) denote the moduli space of ideal sheaves Xz of one dimensional 
subschemcs Z dY . whose Hilbert polynomials are given by 

X {Oz®C® K ) =n + K ■ [ d- Cl (£) = n + dK. 

J[C] 

We define the Donalds on- Thomas invariants I ni d from I n (Y, d) using Behrend's 
function as is 33.21 ([ThoOO , [Bch09 ), and their generating function by 

Z UT (Y;q,t) ~J2l n , d -q n t d . 

n . d 

Let P n (Y,d) denote the moduli space of stable pairs (F, s) such that the 
Hilbert polynomials of F's are given by the same equation as above. We de- 
fine the Pandharipande- Thomas invariants P n ^d from P n (Y,d) using Behrend's 
function ([PT09 ), and their generating function by 

Z PT (Y;q,t) :=J2 P n,d-<l n t d - 

a . d 

We define the Donaldson-Thomas invariants and the Pandharipande- Thomas 
invariants of Y+ using [C+] E H 2 (Y+) instead of [C] € H 2 (Y). Note that the 
natural isomorphism i^OO — > H2(Y + ) maps [C] to — [C + ]. 

For F £ D b c (Y) we have 

X (F ® C® K ) = X (F) + K( X (F) - X (F ® ZT 1 )). 

and so n — vo, d = vo — vi. Put q = qoqi and t = q^ , then we have <7"i d = 
^o ^ 1 . We set C ± = (-1 ± e, 1) for sufficiently small e > 0. The results in J2] 
are summarized as follows: 
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Proposition 3.13. 

^DT^goQ'i.C 1 ) = •Zc-(q), -ZjyrlT^gogi^r 1 ) = Z_ f +(q), 
Z PT (Y;q q 1 ,q^ 1 ) = Z c +(q), Z PT (Y + ; q aqi , q^ 1 ) = Z_ c -(q). 

Remark 3.14. Here we denote, with a slight abuse of the notations, by Z±^±(q) 
the generating functions of the virtual counting ofDJl±^± (v) for sufficiently small 
e > for each v. We can not take e > uniformly. 

We set C (±) = (±1,±1). Note that 97l f (+)(v) is empty unless v = and 
so Z^{+)(q) = 1. The invariants £V(-)(v) are the non-commutative Donaldson- 
Thomas invariants defined in |Sze08j . We denote their generating function 
Z C (-j(q) by Z NC DT(q)- 

Applying the wall-crossing formula in Theorem l3.121 we obtain the following 
relations between generating functions: 

Theorem 3.15. 

-Zncdt (q) = ( ft (1 + q r o n (-qi) m+1 ) m J ■ Zut(Y; gogi, gf 1 ), (3.2) 

\ m>l / 



-Zncdt (q) = 11 0- + l^i-l^ 1 )" 1 ■ Zbt(Y + ; go9i, <h (3.3) 

\m>l / 

oo 

Z PT (Y;q oqi ,q^)= ]J (1 + cff {-q^T , (3.4) 

rn > 1 
oo 

Z PT (Y + ;q oqi ,q^) =]J(l + q^{-qiT +1 ) m . (3.5) 

m>l 

Remark 3.16. (1) The formula (|3.2[) was shown by a combinatorial method 
in ] You]/ . 

(2) The generating function of Donaldson- Thomas invariants is described in 
terms of the topological vertex (\MNOP06l). The topological vertex for the 
conifold is computed in fBB07l: 

zuT(Y;q,t)= ( f[(i -(- q rr m ) (na-(-9r*rj- (3-6) 

\m>l J \m>\ J 

(3) The DT-PT correspondence conjecture (fPT09f) asserts that 

e(Y) 

z DT (Y; q, t) = z PT (Y; q, t) ■ ( \\ (l - (- q y 

\m>l 

The conjecture for the conifold follows from formula (|3.4p and (|3. 61) . a^- 
though Theorem \ 3. 12\ does not cover the wall L~(oo). The wall-crossing 
for the wall L~(oo) requires Joyce's general theory (see JTodlOf and VSTf ). 
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(4) Since the contribution of the wall L7(m) (resp. LZ(m) ) coincides with that 
of L+(m) (resp. L^(m)), we have the following formula, which provides 
a conceptual interpretation of the result in JSzeOSl and \Youf : 

^NCDT(q) = ZmiYiqoqx^Y 1 ) ■ Z PT (Y + ; q qx, gf 1 ) 
= Z VT {Y\q q l ,q^ 1 ) ■ Zn T (Y + ; q qx, q^ 1 ). 

(5) Since the contribution of the wall L+(m) coincides with that of LZ(m) 
after the change (9o<7ii ^if 1 ) ^ (loli^Qi) °f variables, we get the flop in- 
variance of DT and PT invariants: 

Zp T (Y;q q 1 ,q l ; 1 ) = Z PT (Y + ; q Q q 1 , q x ), 
Z m {Y;q Q q 1 ,q^ 1 ) = Z D t{Y + ; q Q qi, qi). 

4 Replacement of tilting bundles and stabilities 

In the final section, we provide an alternative description of the moduli spaces 
9Jtf(v) for generic stability parameter ( in the case of the conifold. As by- 
products, we can see that the torus fixed point set 9Jt(;(v) T is isolated and 
parameterized by the "pyramid partitions" which appeared in |Sze08j . |Youj 
and [CJ09] . 

4.1 Characterization of stable objects 

Let £triv and Ccyclic be stability parameters such that 

Ctriv,0i Ctriv,l > 0, Ccyclic, 0, Ccyclic, 1 0* 

For m > 1, let £ m,± = (Co* ■> Cx'^) ^ e stability parameters such that 

c + <cr + , mcr + + (m-i)c r r + <o, (™+i)cr + +™cr + >o, 

C~ < C?'- , (m - 1)Q>- + mC?" > 0, mQ'- + (m + 1)^" < 
(see Figure [S])- 

Lemma 4.1. (1) ^4 perverse coherent system (F, s) £ Per c (y/X) is £ m >+- 
stable if and only if the following three conditions are satisfied: 

Hom P5?c(y/x) ((F, S ),(z,O P i(m-l),0,0)) = 0, (4.1) 
Homp Sc(K/x) ((^O pl (m),0,0),(^ S )) = 0, (4.2) 
Homp^ (y/X) ((0 K ,O,O),(F, S ))=O (Va; e Y). (4.3) 

(2) j4 perverse coherent system (F,s) £ Pei c (Y/X) is ( m, ~ -stable if and only 
if the following three conditions are satisfied: 

tt°™^ ciY/x) ((z*O P i(-m)[l},0,0),(F,s)) =0, (4.4) 
Homp£ c(y/x) ((F,a),(z,0 P i(-m - 1)[1],0,0)) = 0, (4.5) 
K°™ ¥ ^ ciY/x) ((F,s),(O Xl Q,0))=0 (VxeY). (4.6) 
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< + <l=0 L + (m + l) C =0 




Figure 6: C m,± , Ctriv and Ccycii. 



Proof. Let (F,s) 6 Pcr c (Y/ X) be a perverse coherent system satisfying the 
conditions P~T]t - (jOjt . Assume that (F,s) is not C m,+ -stable. Let 

(F, s) = F° D F 1 D ■ • • D F L D 

be a filtration of (-F, s) by ^ m + -stable subquotients, which is given by com- 
bining the Harder-Narasimhan filtration of (F, s) and Jordan-Holder filtrations 
of its factors. Here 0£ m ,+ is chosen so that 0£ mi+ (F,s) — 0. Hence we have 
d^ m ,+ ( F o/Fi) < 0, 6^ m ,+ (F k ) > and either (Fo/F^ = or = 0. First 

suppose (Fo/.Fi)oo = 0. By the classification in M3 . 31 Fq/F\ is isomorphic to 
(z*Opi(m' — 1),0,0) for some m' < m. Next suppose (Fk)oo = 0. Then Fk is 
isomorphic to one of the following objects: 

(z*0pi(W-l),O,O) (W>m), 

(o*,o,o) (iey), 

(z*O P i(~m'~l)[l],0,0) (m'>0). 
In both cases, the existence of nonzero homomorphisms 

Hom Pcrc (y/x)(- 2; *Cpi(m' — 1), z*O v i(m — 1)) ^ (m > m'), 

Hompcj^y/xjt^Cp^" 1 ), z*0pi(— m' — 1)[1]) ^ (1 < m, < m'). 

contradicts the conditions f|4. 1 [) - (I4.3[) . Hence (F, s) is ^ m '+-stable. The opposite 
direction is trivial. We can show the claim (2) in the same way. □ 

4.2 New framed quivers 

Recall that we put C = 7r*Opi(l). For an integer m, we set C m := C® m . Let 
■p+ (resp. "P") be the full subcategory of D b (Coh(Y)) consisting of objects F 
such that F <g> £_ m [l] £ Per(Y/X) (resp. F <g> £ m+1 6 Per(F/X)). Note that 
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Cm[— l]®An+i[-l] (rcsp. £_ m _i 0£_ m ) is a projective generator in "P+ (resp. 
Vm) an d gives the equivalence 

Note that A is the algebra defined in £13.11 which is independent of m. We set 
c p± : = J>± n D b c {Coh{Y)), which is equivalent to A-mod. 

Let be the algebra defined by the following quiver with relations: the 

a i 








Figure 7: quiver 

quiver is given as in Figure [7] and the following relations are added to the 
usual ones: 

&igi = 0, biq l+ i = b 2 qi (i = 1, • . . m - 1), b 2 q m = 0. (4.7) 
Similarly, we define the algebra A~ as follows: the quiver Q~ n is given as in 
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Figure 8: quiver Q m 

Figure [5] and the following relations are added to the usual ones: 

ain+i = a 2 r, (i = 1, . . .m - 1). (4.8) 

Let iSoo and be the simple and indecomposable projective ^4^-modules 
corresponding to the extended vertex oo. Let P denote the kernel of the canon- 
ical map Poo — »■ Sac- 

Proposition 4.2. 

$±(0 r ) = P. 

Proof. We will prove the claim for $+ . Let B\,E>2 £ .ff (Y, £) be basis elements 
in 

C 2 ~ H a (¥\0 P i(l)) ^ H°{Y,C) 
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We consider the map 

£ (jB Cm) {C. m .,r m -> (£_ m )® ro+1 , 

where Pe 1 '"^ = °-B e o 77* and 7r l and 77* are the canonical projection to inclusion 
of the i-th factor of the direct sum. This map is injective and the cokernel is 
isomorphic to the structure sheaf Oy . Applying we get the following map: 

Y,( b l A + b 2 l+1) ) ■ P?" 1 -> Pv m+ \ 

where Pq and P\ are the indecomposable projective ^4-modules and &w) is 
defined as above. We can verify that this map is injective and the cokernel is 
isomorphic to P. Hence the claim follows. □ 

Let denote the category of pairs (F, W, s), where F S P* and s: W ® 
Oy — > F. Let C P^ denote the full subcategory of pairs (F, W, s) such that 
F € c Pm and such that W is finite dimensional. 

Proposition 4.3. 

Vt * At -Mod, C P± ~ A± -mod. 

Proof. First, giving a pair (F, W, s) 6 P^ is equivalent to giving a linear map 
W -> Rom(Oy,F). Note that 

Hom(0y , F) ~ Hom A (P, V) ~ Hom A ± (P, 7) ~ Ext^± (5^, V) 

where V := $^(P). The claim follows, since giving a linear map W — > 
Ext^± (Soo, V) is equivalent to giving an A^j-module, . □ 

We can define £- (semi) stability for finite dimensional A^-modules as in Def- 
inition 12.11 In order to make it clear in what category we work, we use the 
notation"(C, °P^)-(semi)stability" . From now on, the £-(semi)stability for mod- 
ules of the original quiver Q is written "(£, Per c (y/X))-(semi)stability" . We can 

construct the moduli spaces DJl^ m (vq, vi) of (£, c P*)-semistable ^4^-modules V 
with dim V = (vo, vi, 1). 

4.3 Potentials 

Let be the quiver in Figure |9] and w+ be the following potential: 
a 1 bia2b 2 ~aib2a 2 bi+pib 1 q 1 +p2{biq2~b2qi)-\ \-Pm(hq m -b2q m -l)-Pm+lb2qm- 

Let be the algebra defined by the quiver with the potential (see 
[DWZOSp . 

Lemma 4.4. 

Pjb ei a e2 b e3 . . . b EL q r = (ej = 1, 2). 



30 




Figure 9: quiver Q+ 

Proof. Assume El = 1 and j > j'. Then we have 

Pjb £l a £2 b £3 ...biq r = p ] b £l a £2 b £3 ...b 2 qy-i 

^p J b 2 a £2 b £l ...b £L _ 2 q f -! 
= p.j^ibia £2 b £l . . . b £L _ 2 q r -i 
= Pj~ib £l a £2 b £3 . ..bxqij>-x 

= P]-y+ib £l a £2 b £3 ---Mi 
= 0. 

We can show the claims for other cases in the same way. □ 

Fix an element (v ,vi) G (Z> ) 2 . For ( = (Co, Ci), we put 8 C = (Co, Ci, -Cov - 

CiVi). Let 9Jt^" l (v , vi) denote the moduli space of 0^-stable A+ -modules with 
dimension vectors (v , vi, 1). 

Lemma 4.5. Let V be an A^-module with dimension vector (vo, Vi, 1). IfV is 
^Ccydic -stable, then pj = for j = 1, . . . m + 1. 

Proof. By the 0^ cyclic -stability, Vq coincides with the union of the images of 
b £l a £2 b £3 . . . b £L qj , s. Thus the claim follows from Lemma 14.41 □ 

Proposition 4.6. 

In particular, 9?tf r (vo,Vi) has a symmetric obstruction theory. 

Proof. The claim follows directly from Lemma 14.51 and the definition of the 
potential. □ 

Similarly, we define A~ = by the quiver Q~ in Figure [TU] and the 

following potential: 

co m = a 1 b 1 a 2 b 2 - aib 2 a 2 bi + s 1 (a 1 r 2 - a 2 ri) H h s m -x{b-yr m - b 2 r m ^ 1 ). 
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We can prove the following claim in the same way: 
Proposition 4.7. 

In particular, VJl^™^ (vo,vi) has a symmetric obstruction theory. 

4.4 Moduli spaces 

Lemma 4.8. Let (F, s) G Pei c (Y/X) be a (C m,± , Per c (Y/X)) -stable object, then 
F e C V ± 

Proof. Take a sufficiently large c e R such that Co + c, Ci + c > and set 
Ctriv = (Co + c, Ci + c) (see Figure ®. Let 

(F, s) = F° D F 1 D ■ • • D F L D 

be a filtration of a (C m ' + , PeT c (y/X))-stable object (F, s) G Per c (F/X) by 
(0£ t . , Per c (F/X))-stable subquotients, which is given by combining the Harder- 
Narasimhan filtration of (F, s) and Jordan-Holder nitrations of its factors. Since 
O^tpv/F 1 ) < 0, we have (F /F 1 ) oo = C. Moreover, we have {F°/F 1 ) = 

(F°/F 1 ) 1 = from the (8^ , Pe7 c (r/X))-stability of F°/F 1 . Note that we 
have 

ftriv (v Ol vi,G) < ^ triv (v o ,vi,0) fl fm , + (v o ,vi,0) < c ~ m , + (v o ,v' 1 ,O) 

for any v ,vi,Vq and v' r Since 0r (F l /F l+1 ) < 6^(F L ), we also have 

d^ + (F l /F l+1 )<6^ + (F L )<0, 

where the last inequality is the consequence of C m ' + -stability of (F, s). By the 
classification in H3.3I a {9^ , Per c (y/X))-stable object F with a 0-dimensional 

framing such that 0> m , + (F) < is isomorphic to z*0^{m' — f) for some 1 < 
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to' < to. Thus we get a description of F £ Per c (Y/ X) as successive extensions 
of z»O p i(to' — l)'s (1 < m' < m). Since z»0 P i(m' — 1) 6 "P+ for to' < to, we 
have F £ P+. We can show the claim for a £ m '~-stable object in the same 
way. □ 

Let Ccyciic be a stability parameter such that (Ccyciic)o, (Ccyclic)i < 0. 

Lemma 4.9. Let (F, s) £ Pw c (Y/X) be a (C m,± , Per c (Y/X)) -stable object, then 
(F,s) £ c f>± is {( cycVlc , c T±)-stable. 

Proof. Note that the simple -modules So and Si correspond to P i(m)[— 1] 
and Opi(m — 1) in respectively. For a (C m,+ , Per c (F/X))-stable object 
(F, s) £ Per c (Y/X), as in Lemma FTTl it is enough to show that 

HoiUp+((F,s),(O x [-l] ! 0,0)) = 0, 
Homp+((F,s),(^O P i(m)[-l],0,0)) = 

for any i£F and 

Hom^+((F,s) ) (z.Opi(m- 1),0,0)) = 0. 

The first two equalities hold since F, O x ,Opi(m) £ Pev c (Y / X). For the third 
equation, we have 

Hom^+((F,s),(^e> P i(TO-l),0,0)) 
= {f £Uom v -(F,z r O P i(m-l)) \ f o s = 0} 
= {f £ Hom Pcrc(Y/x) (i ;l , z»0 p i(to - 1)) | / o s = 0} 
= Homp^ c(y/x) ((F, s), (z*O p i(to - 1),0,0)) 

= 0, 

where the last equality follows from the (C m ' + , Per c (Y/X))-stability of (F, s) £ 
Per c (Y/ X). We can show the claim for a (C m '~, Per c (F/X))-stable object in 
the same way. □ 

The chamber structure in the space of stability parameters on C V^ is the 
same as that on Per c (y/X). The stable objects F £ c fi± on a wall with 
Foo = is obtained from those for Pei c (Y/X) by applying — ® C m [— 1] (resp. 
— ® C- m -i). Note that the parameter £ m >T fo r c Vi^ is in the chamber between 
the walls L~^{m) and L~^{m + 1) with stable objects z*0 P i and z*Ofi(— 1) on 
them. 

Lemma 4.10. Lef (F, s) £ c Vt be a (C m ' T , c V±)-stable object, then F = 0. 

Proof. Take the Harder-Narasimhan filtration of a (C m '~, c, P+)-stable object 
(F, s) £ c V^ n and Jordan-Holder nitrations of its factors with respect to the 
Q% -stability. Then, as in the proof of Lemma 14.81 we get a description of 
F £ as successive extensions of z*0 P i(— to')'s (m' > 1), O x [— l]'s (x £ Y) 
and z*C P i(m')[— l]'s (to' > to). So we have H°(Y,F) — and hence s = 0. 
Then the stability requires that F = 0. We can show the claim for a (C m,+ , 
stable object in C, P~ similarly. □ 
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Lemma 4.11. Let (F,s) G C V± be a (Ccyclic, c V±)-stable object, then F G 
Per c (Y/X). 

Proof. Take the Harder-Narasimhan filtration of (F, s) G C, P+ and Jordan- 
Holder filtrations of its factors with respect to the 0? m ,_ -stability. Then, by 
Lemma 14.101 we get a description of F G c V^ n as successive extensions of 
z*Opi(m' — l)'s (1 < m! < to) and hence we have F G Per c (Y/X). We can 
show the claim for an object in C V~ similarly. □ 

Lemma 4.12. Let (F,s) G c Vm be a (Ccyclic, c 7-'^)-sia6Ze object, then (F,s) G 
Per c (Y/X) is C, m ^-stable. 

Proof. For a (Ccyclic, c "P+)-stable object (F, s) G C "P+, as in the proof of Lemma 
14.91 we have 

Hom Pc7 c( y/x)((^ s )> ( z *°^ (jn - 1), 0, 0)) 
= HonXp+ ((F, s), (z*O p i (to - 1), 0, 0)) = 0. 

As we claimed in the proof of Lemma 14.111 F is described as a successive 
extensions of z*Opi(m' — l)'s (1 < ml < to). So we have 

Hom ¥E - rc{Y/x) ((E,0,0),(F, S )) =Rom Pcic(Y/x) (E,F) =0 

for £ = ^Qpi(m) or E = O x (x G F). By Lemma |4~T1 (F,s) G Per c (y/X) is 
(C m,+ , Pcr c (iyX))-stable. We can show the claim for an object in C- P~ similarly. 

□ 

Theorem 4.13. 

A + 

9Jt c ™,+ (v , vi) ~ DJt^ Uc ((m - l)v + (-to)vi,tov + (-to - l)vi), 
M C m,- (v , vi) ~ 2)T^ m oj . c (mvo + (-to + l)vi, (m + l)v + (-m)vi). 

4.5 Fixed points 

The readers may refer [Sze08] and [You] for the definition of "pyramid partitions 
with length m" (see Figure ITT]) , and |CJ09j for the definition of "finite type 
pyramid partitions with length m" (see Figure IT2j) . 

Proposition 4.14. (1) The set of T' -fixed closed points 

2Jt Cm ,+ (v ,vi) T = 0H^™ iic ((TO - l)v + (-to)vi,tov + (-to - l)vi) T 

is isolated and parameterized by finite type pyramid partitions with length 
m and with (to — l)vo + (— m)vi white stones and tovo + (— m — l)vi black 
stones. 

(2) The set of T' -fixed closed points 

37t (m ,- (v , Vl ) T ' = mf^ uc (tov + (-m + l)v x , (to + l)v + (-to) Vi ) t ' 

is isolated and parameterized by pyramid partitions with length m and with 
tovq + (—to + l)vi white stones and (to + 1)vq + (— m)vi black stones. 
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Figure 11: the empty room configurations for pyramid partitions with length 3 
and with length 4 



Figure 12: the empty room configurations for finite type pyramid partitions 
with length 3 and with length 4 



35 



Proof. Recall that P denotes the kernel of the canonical map P^ — > Soo. The 
A-module P has the canonical T-weight decomposition such that each weight 
space is 1-dimensional and parameterized by the empty room configuration for 
finite type pyramid partitions with length m (rcsp. for pyramids partition with 
length m). 

We put c := 6 2 a2&iai +a2&2ai&i(= xy — zw) E Z(A) c A. Here Z(A) is the 
center of A, which is isomorphic to the coordinate ring C[x, y, z, w]/(xy — zw) 
of the conifold. Let vb G P be a T-weight vector corresponding to a stone B in 
the empty room configuration. Then c ■ vb (unless = in the case (2)) is the 
T-weight vector corresponding to the stone just behind B. Any T'-weight space 
of P is described as C[c] • vb for some stone B in the empty room configuration. 

Let (F, s) G c Vti ( res P- G c T^m) t> e a (cyclic-stable object, then F is a quotient 
of P as an A-module. Any T'-weight space of F is described as I ■ vb for some 
stone b and for some ideal / G C[c]. Assume that (F, s) is T'-invariant. Then 
P/F must be supported at the singularity G SpecZ(A) and so / must be a 
monomial ideal. Thus the claims follow. □ 

Let iV™ ramid (n ,rii) (resp. A^™_ pyramid (n , m)) denote the number of pyra- 
mid partitions (resp. finite type pyramid partitions) with length m and with no 
white stones and n\ black stones. We encode them into the generating functions 

-2pyramid(P) ; = ATpy ramid ( n > n l ) ' Pq ° P™ 1 7 

(n ,ni)e(Z> ) 2 

^fin- pyramid (p) := ^ -^fin-pyramid ( n Q J n l )' Po° Pi* ' 

(Ti ,ni)S(Z> ) 2 

where po and p\ are formal variables. 
Theorem 4.15. 



^fin-pyramid (p) — J\ P™ ™ PT ™ +1 / 

m' — l 

pyramid Kir J 

oo \ / oo f\ / oo 

U(l-pfp?')- m '\ I] U+pS +m '- 1 q? +m ') m [1 (l + q m+m ' + 1 qr n+m ') m 



Proof. The claim follows from Theorem l3.121 Proposition ^. 14l and the Behrend- 
Bryan's formula p. 61) . □ 

4.6 Zariski tangent spaces at the fixed points 
Lemma 4.16. Let V be an A-module such that 

($±) _1 (^)GP±nPer c (y/X). 

Then we have 

Ext^± {S 00 ,V) = Q. (4.9) 
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Proof. Note that we have 

Ext^± (So, V) ~ Ext 1 ± (P, V) ~ Ext^(P, y) ~ Ext^ (o y , (S^)" 1 (V) 

The last one vanishes by the assumption ($^) 1 (V) 6 Per c (Y/X) . □ 

Proposition 4.17. Let V be a (cyclic- stable A^-module with Voo — C and V be 

the kernel of the natural map V — > Soa . Then we have 

dimExt^± (V, V) = dimExt^(V, V) - dim Hornby, V) + dim Homy (Oy, F). 
Proof. Applying the functor Hom^± (V, — ) for the short exact sequence 



-> V V -> 5 
we have the following exact sequence: 



(4.10) 



Note that 



Hom A± (V, V) ->- Hom A± (V, 5oo) 



ExtU (V, V) — ExtU (V, V) ->■ ExtU (V-, Soo). 



Hom^V,^) ~C 



and this is spanned by the image of idy £ Hom^± (V, V). Thus the map in the 
upper line is surjective. It is clear that any exact sequence 

of A^-modules splits, that is, Ext^± (V, Soo) = 0. Then we have 

On the other hand, applying the functor Hom A ± (— , V) to the short exact se- 
quence (|4.10p . we have the following exact sequence: 

Hom^i (V, V) Hom A ± (V, V) 
Ext^± (So,,, V) t^^jf^y)!^ Ext^± (V, V) 



Since V is £ cyc iic-stable, Hom A ± (V, V) = 0. Moreover, V satisfies the assump- 
tion of Lemma T4. 161 by Lemma T4.11l Hence the claim follows. □ 

Lemma 4.18. 

dim Ext \ (V, V) - dim Hom A (V, V) = dim V + dim Vi (mod 2) . 
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Proof. It is shown in the proof of |MR10i Theorem 7.1] that 
dimExt^(V, V) - dimHom A (y, V) 

= (dimFO 2 - ( dim ^n(h)) (dimy out(h) ) (mod 2). 

ieQo heQi 

□ 

Corollary 4.19. For a T' -invariant closed point x G 9Jl^m,±(vo,Vi f, the par- 
ity of the dimension of the Zariski tangent space to 9Jl^ m ,± (vo, vi) at x equals 
to the parity of vi . 

Proof. Under the isomorphism in Theorem 14. 131 x can be regarded as a closed 
point in the moduli space of A^-modules. Let V denote the A^-module corre- 
sponding to x. Then the Zariski tangent space is isomorphic to Ext^± (V,V). 
Thus the claim is a consequence of Proposition 14. 1 71 and Lemma [4.181 □ 

Proposition 4.20. For each T' -fixed closed point x G 9Jl^(v) T , the Zariski 
tangent space to StJl^(v) at x has no non-trivial T' -invariant subspace. 

Proof. Recall that we have the following exact sequence: 

-)• Hom A ± (V, V) -> Ext^± {S x , V) -> Ext^± (V", V) -> Ext^± (V, V) -> 0. 
So, it is enough to show that neither 

coker ^Hom^± (V, V) -> Ext^± (S«„ V)) (4.11) 

nor 

have non-trivial T'-invariant subspace. 
First, we have the exact sequence 

-> Honu(V, 7) -> Hoiru(P, V) -> Horru (kcr(P ->• V), V) -> Ext^(V, V) 

of which the first map coincides with the map in (|4.11l) under the isomorphisms 

Hom A ± (ker(P V), V) = Hoiru (ker(P V), V) , Ext 1 ± 7) = Hom A ± (P, = Honu(P, V). 

Here P denotes the kernel of the canonical map P^ — > as before. 

The claim follows from Lemma 14.211 and Lemma 14.221 □ 

Lemma 4.21. VTe put I := ker(P ->■ V). 

(1) In the case Q — C, m ' + j there is no non-trivial T'-invariant subspace in 
ker (Hoiru (1, 7) -> Ext^(V, 7)) . 

^ In t/ie case £ = £ m '~7 i/iere is no non-trivial T'-invariant subspace in 
Rom A (I,V). 

Proof. In the proof of Proposition 14.201 we see that 

• every T-weight vector in P, V and / is associated to a stone in the empty 
room configuration, and 
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• every T'- weight space in P is described as C[c] • vb for some stone B. 

Suppose we have a nonzero T'-invariant element <fi £ Hom^ (I, V) . We may 
assume that there is a positive integer n such that 



(1) In the case £ = C m ' + i we show that the image of <f> under the map 
Uom A (I,V) Ext^(V,V) gives a non-trivial extension. Since <fr is T'- 
invariant it gives self-extensions of T'- weight spaces. Take a T'- weight 
space W of P such that the restriction of cf> to W H I is nontrivial. Recall 
that admits a C[c]-module structere. It is enough to show that the self 
extension of [W] £ V is not trivial as a C[c] -module. We have 



for some positive integers m and fc such that m — n>k>n. Then the T'- 
weight space in the extension associated to 4> is isomorphic to C[c]/(c fc+ ™)© 
C[c]/(c fc ~"), which is not isomorphic to C[c]/(c fc ) © C[c]/(c fc ). 

(2) In the case C, — C m ' _ > take a stone -B from the ridge of the empty configu- 
raion such that vb 4- Let a be the positive integer such that such that 
(&202) Q-1 • vb I and (6202)" - Vb £ I and put v± := (6202)" ■ Note 
that (j)(vi) = 0. 



Let /3 be the positive integer such that (friai)' 3 1 ■ (6202)" 1 ■ vb £ I and 
{b iai f ■ {b 2 a 2 ) a - 1 -v B £ I. 




vb 1 if 3 [vb'} £ V such that c 11 ■ vb> = vb £ P, 
otherwise 



for ub G /. 



~ C[c]/(c m ), wn/~ (c fc )/(c m ) 



We put 



t> 2 := 



c" • (Mi)"" 1 ■ (b 2 a 2 ) 



■ V B = 



c"- 1 • (Ml)' 3 ■ «i G I. 



Then we have 



[(Mi)" -1 ■ (b 2 a 2 ) 



a-1 



• vb] = <p{v 2 ) 



■(Mi)" -0M = o. 



This is a contradiction. 



□ 



Lemma 4.22. There is no non-trivial T'-invariant subspace in Ext^± (V, V). 



Proof. Using the Koszul complex (see the proof of Lemma T3. lip . Ext 1 ± (V, V) 
is given as the second cohomology of the following complex: 



Roxa{V h Vi) -> Hom(y out(6) ,^ n(6) ) 




Kom(V in{a) ,V out{a) ) -> Rom(V h Vi). 




For P £ VJIq (v) t , the second term has no non-trivial T'-invariant subspace, 
and hence neither does Ext 1 ± (V, V). □ 
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Theorem 4.23. 



2c(q)= E (-!) v 

ve(z> ) 2 

Proof. As we mentioned in tj3.21 this is a consequence of Behrend-Fantechi's 
result [BF081 Theorem3.4], Proposition 14.141 Corollary 14.191 and Proposition 
KM □ 



9Jt c (v 
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